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Abstract
The focus of this paper is the numerical solution of a mathematical model for
the growth of a permeable biofilm in a microchannel. The model includes wa-
ter flux inside the biofilm, different biofilm components, and shear stress on the
biofilm-water interface. To solve the resulting highly coupled system of model
equations, we propose a splitting algorithm. The Arbitrary Lagrangian Eulerian
(ALE) method is used to track the biofilm-water interface. Numerical simulations
are performed using physical parameters from the existing literature. Our compu-
tations show the effect of biofilm permeability on the nutrient transport and on its
growth.
1 Model equations
Oil is one of the principal energy resources. Therefore it is essential to develop efficient
extraction techniques with minimal environmental impact. One good candidate is the
bio-plug, were bacteria are brought in the high permeable zones. The bacterial growth
reduces the permeabilities of these zones, so we can reach and recover the oil in the less
permeable zones. Our motivation is to develop mathematical models that have higher
fidelity to the experiments and thus describe this mechanism in a better manner.
A biofilm is an assemblage of surface-associated microbial cells that is enclosed
in an extracellular polymeric substance matrix (EPS) [5]. The proportion of EPS in
biofilms can comprise between 50-90% of the total organic matter [5, 16]. Since water
is the largest component of the biofilm [7], it is important to consider the water flux
inside the biofilm in our model. In this section, we describe the model equations for
biofilm formation in a strip considering a permeable biofilm [8]. The mathematical
model considered here follows ideas from [1, 14, 15].
We consider a simplified domain, a two-dimensional pore of length L and widthW ,
denoted by Ω := (0,L)× (0,W ). The biofilm has four components: water, EPS, ac-
tive, and dead bacteria ( j = {w,e,a,d}). Let θ j(t,x) and ρ j denote the volume fraction
and the density of species j. The biomass phases and water are assumed to be incom-
pressible and that the biofilm layer is attached to the pore walls. Further the volumetric
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Figure 1: The strip, coordinate system and biofilm thicknesses (left). Zoom into the
domain close to the strip boundary (right).
fraction of water is taken as constant ∂tθw= 0. As observed in Fig. 1, the biofilm layers
has a thickness d = d(x, t) that changes in time and depends on the location at the pore
wall. For simplicity we assume symmetry in the y-direction. With this we distinguish
the following:
Ωw(t) :={(x,y) ∈ R2| x ∈ (0,L), y ∈ (d(x, t),W/2)}− the water domain,
Ωb(t) :={(x,y) ∈ R2| x ∈ (0,L), y ∈ (0,d(x, t))}− the biofilm layer,
Γwb(t) :={(x,y) ∈ R2| x ∈ (0,L), y= d(x, t)}− the biofilm-water interface.
Γib, Γiw, Γob, and Γow are the inflow and outflow boundaries in the water and biofilm.
Γs is the pore wall boundary.
The water flow is described by the Stokes model
µ∆qw = ∇pw, ∇ ·qw = 0 in Ωw(t), (1)
where µ is the viscosity, pw is the water pressure, and qw is the water velocity. For the
water flux in the biofilm one has the Darcy law and mass conservation
∇ ·qb = 0, qb =−
kθw
µ
∇pb in Ωb(t), (2)
where qb and pb are the velocity and pressure of the water in the biofilm respectively,
and k is the permeability of the biofilm. At the interface, one has the water mass
balance, the equilibrium of normal forces across Γwb(t), and the well-known Beavers-
–Joseph-–Saffman boundary condition [2, 13, 10]
(qw−qb) ·ν = νn(1−θw) on Γwb(t), (3)
−ν · (−pw1+µ(∇qw+∇qTw)) ·ν = pb on Γwb(t), (4)
−ν · (−pw1+µ(∇qw+∇qTw)) ·τ =
α√
k
qw ·τ on Γwb(t). (5)
Here α is the Beavers—Joseph constant, νn is the normal velocity of the interface, ν is
the unit normal pointing into the biofilm, and τ is the unit tangential vector,
ν = (∂xd,−1)T/
√
1+(∂xd), τ = (1,∂xd)T/
√
1+(∂xd). (6)
For each biofilm component (l ∈ {e,a,d}) one has mass conservation [1]
∂ρlθl
∂ t
+∇ · (uρlθl) = Rl in Ωb(t) (7)
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where Rl are the rates on the biomass volume fractions, ρl is the density of the l com-
ponent, and u is the velocity of the biomass. Following [6] one has
u =−∇Φ in Ωb(t), (8)
where Φ is the growth velocity potential satisfying
−∇2Φ = 1
1−θw∑l
Rl
ρl
in Ωb(t). (9)
We adopt Monod-type reaction rates
Ra = Yaµnθaρa
cb
K+ cb
− kresθaρa, (10)
Re = Yeµnθaρa
cb
K+ cb
, (11)
Rd = kresθaρa, (12)
where Ye and Ya are yield coefficients, kres is the decay rate, and K is the Monod half
nutrient velocity coefficient.
Denoting by cw and cb the nutrient concentration in the water and biofilm respec-
tively, one has
∂tcw+∇ ·Jw = 0, Jw =−D∇cw+qwcw in Ωw(t), (13)
∂t(θwcb)+∇ ·Jb = Rb, Jb =−θwD∇cb+qbcb in Ωb(t), (14)
where D, Jw, Jb, and Rb are the nutrient diffusion coefficient in water, the nutrient flux
in the water and biofilm, respectively, and the nutrient reaction term. For the latter one
has
Rb =−µnθaρa cbK+ cb (15)
where µn is the maximum rate of nutrient. The coupling conditions are given by the
Rankine-Hugoniot condition and the continuity of the concentrations:
(Jb−Jw) ·ν = νn(θwcb− cw) on Γwb(t), (16)
θwcb = cw on Γwb(t). (17)
Accounting for the biofilm dettachment due to shear stress, the normal velocity of the
interface is given by [15]
νn =

[ν ·~u]+, d =W,
ν ·~u+ kstrµ||(1−νν T )(∇qw+∇qTw)ν ||, 0 < d <W,
0, d = 0,
(18)
where ksrt is a constant for the shear stress and
νn =− ∂td√
1+(∂xd)2
. (19)
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1.1 Boundary and initial conditions
At the inflow we specify the pressure and nutrient concentration and we consider homo-
geneous Neumann condition for the growth velocity potential and volumetric fractions.
At the outflow, we specify the pressure and take Neumann conditions for the concentra-
tions, growth velocity potential, and volumetric fractions. At the substrate, we choose
no-flux for the water, nutrients, and volumetric fractions and homogeneous Neumann
conditions for the growth potential. We prescribe slip boundary condition for the wa-
ter flux and homogeneous Neumann conditions for the nutrients. At the biofilm-water
interface, we set the growth potential to zero and we consider homogeneous Neumann
conditions for the volumetric fractions. The model is completed by the given initial
data for the pressure, volumetric fractions, biofilm thickness, growth potential, and
nutrient concentration.
2 Implementation
The challenging aspects in the numerical solution of the mathematical model are due
to the coupling of the non-linearities and the existence of a free boundary (the biofilm-
water interface) as it needs to be determined as part of the solution process. We use an
ALE method for tracking the free boundary [4]. This method offers an accurate rep-
resentation of the interface and allows to write the mass transport equations across the
interface without any modification. However, the mesh will become time dependent.
There are plenty of approaches for solving coupled system of partial differential
equations; for example, implicit iterative methods [9, 11, 12]. We use backward Euler
for the time discretization and linear Galerkin finite elements for the discretization in
space. To solve the system of equations, we split the solution process into three steps:
the flux (pw,qw, pb,qb), the nutrient (nw,nb), and the biofilm (θe,θa,θd ,φ ,d) variables.
Firstly, a damped version of Newton’s method is used to find the solution of the flux
variables considering the initial conditions of all variables. Secondly, we find the solu-
tion of the nutrient variables considering the previous solution of the flux variables and
initial conditions of the remaining variables. After, we find the solution of the biofilm
variables considering the previous solution of the flux and nutrient variables and ini-
tial conditions of the biofilm variables. We iterate between the three steps until the
error E (the difference between successive values of the solution) drops below a given
tolerance ε . If the error criterion (E < ε) is satisfied before N iterations (n < N), we
move to the next time step and solve again until a given final time T . Fig 2 shows the
flowchart for the computational scheme. The infinity norm is used for the vector norm
computation in the shear stress equation. The model equations are implemented in the
commercial software COMSOL Multiphysics (COMSOL 5.2a, Comsol Inc, Burling-
ton, MA, www.comsol.com).
3 Numerical simulation of biofilm formation in a strip
In Table 1, the values of parameters for the numerical simulations are presented. These
values are taken from [1], where the authors built a model for heterogeneous biofilm
development. The dimensions of the strip and the injected nutrient concentration are
also taken from [1], with values L= 600×10−6m andW = 600×10−6m. From previ-
ous studies, we set the biofilm permeability k = 1×10−10m2 [3], the Beavers–Joseph
constant α = 0.1 [2], and the stress coefficient kstr = 9×10−11 m/(s Pa) [8].
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Figure 2: Flow tree for solving the mathematical model.
Table 1: Table of model parameters for the verification study [1]
Symbol Value Symbol Value Symbol Value
µn 1.1×10−5/s ρw 1000 kg/m3 K 1×10−4 kg/m3
kres 2×10−6/s ρe 60 kg/m3 D 9.6×10−10 m2/s
Ya .22 ρa 60 kg/m3 µ 1×10−3 Pa · s
Ye .4 ρd 60 kg/m3
The initial biofilm thickness is d0 = 30×10−6m. The volume fraction of water in the
biofilm is 50%. The left half of the biofilm (0 < x < L/2) consists of 50% active bac-
teria, while the other half consists of 25% active bacteria and 25% EPS. Nutrients are
injected at a pressure of P = 0.5 Pa and a concentration of C = 0.001 kg/m3. We run
the numerical simulations for 300 hours. In Fig. 3, the growth velocity potential and
volumetric fractions are shown. The biofilm has a greater active bacterial volume frac-
tion on the side where the nutrients are injected, leading to a greater biofilm growth in
comparison with the biofilm on the right hand side. After 300 hours, we observe that
the lower part of the biofilm is approximately 92% formed by water, EPS, and dead
bacteria while only 8% is formed by active bacteria.
Figure 3: Growth velocity potential (left) and total volume fractions (right).
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Figure 4: Biofilm height at various pressures (left) and nutrient concentrations (right).
3.1 Parametric studies
Fig. 4 shows the sensitivity analysis for the inlet pressure and injected nutrients. We
observe that as the pressure increases, the biofilm growth is less due to the shear force.
Regarding the nutrient concentration, we notice that increasing the nutrient concen-
tration by a factor of 10, the biofilm has a faster growth. On the other hand, if we
decrease the nutrient concentration by a factor of 10, the biofilm grows slowly and
there is almost no biofilm growth on the outflow part.
In order to quantify the impact of the biofilm permeability, we perform numerical
simulations with different values of k. For the high permeable biofilm, we set k =
1×10−8m2 while for the less permeable biofilm we set k= 1×10−12m2. We run again
the numerical simulations for 300 hours. Fig. 5 shows the modeled spatial distribution
of biofilm height for the different permeabilities. We observe that for the less permeable
biofilm, the biofilm formation is slower. The difference in the results is related to two
different phenomena. First, the nutrient transport inside the less permeable biofilm is
dominated by diffusion, while the transport in the high permeable biofilm is also due to
convection. The second reason is that the coupling condition at the interface results in
greater water velocity gradient for the impermeable biofilm, therefore the shear stress
is larger.
Figure 5: Comparison of the permeable effects on the dynamic biofilm development.
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4 Conclusions
In this work we have considered a mathematical model for permeable biofilm in a mi-
crochannel. The solution algorithm used for numerical simulations for the considered
model has been presented. A sensitivity analysis is performed. We remark that if the
flow rate is low, then the flux inside the biofilm can be neglected. However, for higher
flow rates we must consider the effects of the flow inside the biofilm, that affects the
transport of nutrients and the flux velocity value at the interface. The latter influence
the biofilm thickness via the stress force.
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